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Classification of multipartite entanglement containing infinitely many kinds of states 

Lin ChenE Yi-Xin Chen0 and Yu-Xue MeQ 
Zhejiang Insitute of Modern Physics, Zhejiang University, Hangzhou 310027, China 

We give a further investigation of the range criterion and Low-to-High Rank Generating Mode 
(LHRGM) introduced in 17], which can be used for the classification of 2 x M x N states under 
reversible local filtering operations. By using of these techniques, we entirely classify the family of 
2x4x4 states, which actually contains infinitely many kinds of states. The classifications of true 
entanglement of 2 x (M + 3) x (2M + 3) and 2 x (M + 4) x (2M + 4) systems are briefly listed 
respectively. 



I. INTRODUCTION 

The rapid development of quantum information the- 
ory (QIT) requires a further understanding of the prop- 
erties of entanglement |l|. Among many fundamental 
questions in QIT, it is essential to find out how many 
different ways there exist, in which several spatially dis- 
tributed objects could be entangled under certain prior 
constraint of physical resource, e.g., local operations and 
classical communications (LOCC). This issue was first 
addressed by Bennett et al. @|. They proved that the 
Bell pair (|00) + |ll))/v2 is unique in the pure settings 
when infinitely many copies of states are available since 
the equivalent states can be used for the same tasks in 
QIT. 

The situation becomes complicated when only a sin- 
gle copy of state is given. Due to the celebrated result 
by |3J , the bipartite pure states have been endowed with 
a nice classification under LOCC. Unfortunately, there 
does not exist a similar theory in the multipartite set- 
ting because the Schmidt polar form [ii- 0- L31 n0 longer 
acts here. In addition, it turned out that the LOCC 
classification is lowly efficient for the multipartite entan- 
glement 0, ll|- For simplicity, Dur et al. 0, [l(| has 
considered the LOCC classification just in a stochastic 
manner (SLOCC for short [Tl],[l4]j or local filtering op- 
erations), under which two states are equivalent if and 
only if (iff) they are interconvertible with a nonvanishing 
probability. By this criterion, they have explicitly shown 
that there exist two sorts of fully entangled states in the 
three-qubit space, the GHZ state (|000) + llll))/v / 2 and 
the W state (|001) + |010) + |100))/V3 .13], which im- 
plies that the GHZ state is not the sole representative 
inferred as before. Notwithstanding, the existing results 
jlil Il5l fig concentrating on the system with low di- 
mensions showed that the SLOCC classification is not a 
universally valid method for the multipartite entangle- 
ment. On the other hand, it is of importance to de- 
scribe the structure of multipartite entanglement with 
higher dimensions. This issue has been addressed in our 
earlier work |17| . where we have introduced the range 



criterion to judge whether two multiple entangled states 
are equivalent under SLOCC. Based on this criterion, 
we proposed the so-called Low-to-High Rank Generat- 
ing Mode (LHRGM) for the classification of 2 x M x TV 
states. Specifically, we described how to write out the 
essential classes of true entanglement in the 2x3x3, 
2x (M+l)x(2M+l) and2x (M + 2) x (2M + 2) spaces 
respectively. 

The main intention of this paper is to classify the fam- 
ily of 2 x 4 x 4 states, which actually contains infinitely 
many entangled classes under SLOCC (we shall use ~ 
to denote the equivalence under SLOCC in this paper 
and only concern the true entangled states whose local 
ranks do not change under SLOCC [lfj). This helps ana- 
lyze the structure of generally multipartite entanglement 
which usually contains parameters. In order to do this, 
we first make a further study of the techniques including 
the range criterion and LHRGM in section II. In partic- 
ular, we will clarify that the range criterion is an effec- 
tive method for distinguishing the multipartite entangled 
states, especially for those owning product states in some 
ranges of the reduced density operators of these states. 
We also exemplify its use in the more general cases such 
as the 3x3x3 and 4-qubit systems. As for the tech- 
nique of LHRGM, we focus on the analysis of the family 
of |fii) which is a special branch in this method. The 
result shows that this branch concerns the classification 
of 2 x M x M states. In fact, we discuss here the classi- 
fication of true entanglement with infinitely many kinds 
of states under SLOCC related with 2 x M x M states. 
Subsequently, we completely classify the 2x4x4 states 
by LHRGM in section III. In section IV, we summa- 
rize the existing results and propose the so-called quasi- 
combinatorial character in any sequence of true 2xMxN 
systems, N = 1, 2, ..., 2M, and briefly give the classifica- 
tions of true entanglement of 2 x (M + 3) x (2M + 3) and 
2 x [M + 4) x (2M + 4) systems respectively, whose de- 
tailed proofs are omitted. The conclusions are proposed 
in section V. 



II. SOME RESULTS FROM THE RANGE 
CRITERION AND LHRGM 
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Let us firstly recall the range criterion and the method 
of LHRGM for the 2 x M x N states, and the proof of 



these techniques can be found in [ijj- A general pure 
state can be expressed as pa x a 2 ---a n = \^)a 1 a 2 ---a n (*l> 



A ik 



,Aik-t 



■ ,AiN _ 



and the reduced density operator p^ 
trA il .Ai2;-,Aik(PM,), i i^2,--- ,ik G {1,2,--- ,N},k 
N — 1. Any state 1^)^ ^ ...4 in the £>i X D% x • • • X Dn 
space ( sometimes also written \^) DixD . 2X ... xDn ) can al- 
ways be transformed into the adjoint form, 



1$) 



Dj-l 

El 

j=0 



/>4i^ 2 — ^-l-A^+i— Ai> 



(1) 



where the computational basis (i\k)A- — <5ifc and 



IK) 



0,1, 



, Dj — 1} are a set of 



linearly independent vectors, each \i) A A ... A ._ A . ... A 



is the adjoint state of 



If p acts on the Hilbert 



space H, then the range of p is R(p) = p |$) , |d>) e 7Y 
[18j. Then we can write out the range criterion as follows. 

Range Criterion. For two multiple states \^) A a -a 
and \$) A A ... A , there exist certain ILO's Vi, i — 1, ..., N 
making l*)^...^ = Vi ® V 2 <8> • • • ® VJv 1*)^...^ 
iff there exist a scries of numbers i\,ii,--- ,ijv-i G 



{1, 2, • • • , TV}, such that R(p 9 "' 

Aii,A i2 ,--- ,Ai 



■■■ <>V lN _ 1 R{p^" " v_1 ). Let [0,1,0,2,0,3,— ,a N 

represent a set of states, and a state |$) A A ... A £ 
[at, 0,2, CJ3, ..., On] hT the number of product states in 

D / A\---Ai-\Ai+\---AN\ . ■ n at 1 

^(P^ lA2 ... Ajv )isoi,« = 2,...,JV-l. 

The range criterion has been used for the classification 
of several sorts of true entanglement in |17| , and here we 
would like to further discuss how to generically distin- 
guish the triple entangled states in 2 X M X N space. 
For triple qubit states, a method of practical identifi- 
cation has been given i n 11(1 . where the 3-tangle [lj| 
(decided by concurrence 20]) is employed as a criterion. 
Recently, resultful progress in calculation of the concur- 
rence of arbitrary bipartite states has been achieved by 
|21j. but it is unclear that whether there exist a gener- 
ally certain criterion determining the relation between a 
multiple entangled state and the concurrences of its re- 
duced density operators in all bipartite subspaces, simply 
similar to that in lid . In fact, it remains a formidable 
challenge to QIT [22|. While in JT3, the range criterion 
provides a universal and effective method to distinguish 
the multipartite entanglement in 2 X M X N space. We 
summarize this procedure as follows. Given a set of states 
\ipi) , i = 1, 2, ..., in the 2 X M X N space. One first finds 
out their adjoint forms respectively. Then the set can be 
split into several subsets of entangled states with different 
local ranks. Clearly, any two states from different subsets 
are inequivalent under SLOCC [T(|. For each subset, one 
applies the range criterion to judge whether the states 
are equivalent. The concrete example has been given in 
[FTf. where the product states in the ranges greatly help 
the judgement. Moreover, one can find out the ILO's be- 
tween two equivalent states through a procedure similar 
to the arguments in |17J . while the calculation therein is 
relatively succinct. 



It should be noted that there exist a special kind of 
state, i.e., \^) 2 xMxM- For tms case > one nas to compare 
whether \^) ABC ~ V^)acb- One ma y S uess that the 
above relation always holds, for the existing results for 
2x2x2 and 2x3x3 systems support it. However as 
shown in the next section, it is not true in the case of 2 x 
4x4 system J23| ■ In general, a difficult problem emerges 
when trying to classifying the multiple entangled states, 
i.e., the permutation of the parties makes the situation 
much more sophisticated, when (part of) the local ranks 
of the state are identical. For example, the multiqubit 
system can be in distinct state by exchanging the parties 
therein, which may be the most trouble finding out the 
essential classes of multiqubit states. In this case, the 
range criterion can effectively help analyze the structure 
of multipartite entanglement. 

For instance, consider a family of 4-qubit state 



l*->>iBCz 3 = |00)(|00) + |ll)) + |ll)(|00)+ar|ll)),X56 1. 

(2) 
For simplicity we can generalize the definition of 
[01, <Z2, 03, ..., on] in the range criterion, e.g., a state 
\&)abcd e [ fl ii a 2; a 3;°4i a 5i a 6] iff the number of prod- 



uct states in R{p$ B ) is 01, in R(p^) is a 2 , in R(p^) 
I is a 3 , in R(p B c ) is a±, in R(p BD ) is a 5 and in R{p% D ) is 
ciq. Thus we denote that \^x)abcd e [2, 00, 00, 00, 00, 2]. 
Due to the range criterion, the possible equivalence by 
permutation is nothing but \$> x ) abcd ~ \^x)cdab (the- 
two subsystems AB, and CD arc symmetric respectively). 
So we can easily dispose of this 4-qubit family in terms 
of the range criterion, and the result is \<&x)abcd ~ 

\®Ux)aBCD ~ \**)cDAB ~ \®U*)cDAB- A mOTe in " 

teresting result is about the 3-qutrit state 

\®) ABC = |001) + |010) + |100) + |220) + |202) G [1, 00,00]. 

(3) 
Now the exchange of the parties indeed leads to inequiv- 
alent classes of entanglement, 

|*) BAC = |001) + |010) + |100) + |220) + |022) G [oo,l,oo], 

(4) 
and 



\*)CBA = 1001) 



-|010) + |100) + |022) + |202) £ [00,00, 1]. 

(5) 

Notice there is no other new classes derived from the per- 
mutation of parties by symmetry. So the range criterion 
is often practical to judge whether a state is symmetric 
or the exchange of the parties cause new classes of states 
whose local ranks are (partly) identical. 

Next, we explore the possibility applying the range cri- 
terion to the classification of more universal entangled 
states. For the systems with higher dimensions, one may 
still employ the range criterion to distinguish the given 
states. However, the situations therein are more compli- 
cated for there are not always product states in the ranges 
of reduced density operators in bipartite subspaces. For 
example, consider such a family of entangled states in the 



3x3x3 space, 



I* 



x/ ABC 



|012) + |120) + |201) + 1 000) + |111) +x |222) , 

(6) 

where the parameter i^O cannot be removed by ILO's. 
One can readily check that there is no product state in 
R(p^ B )j R{p^ C )i and R(p^ C ), for all adjoint states are 
of entangled forms. It is then not easy to classify this 
family of states, we briefly make out the clue to this 
case. Clearly, \^ x )abc IS symmetric by the operations 
|0) «-» |1) on each party. A primary observation tells 
that Y&x) ~ l^x- 1 ), which can be realized by the ILO's 
V A x3 =diag(l, l,or _1 ) and two permutation transforma- 
tions 

1 0\ /0 1 
V^ x3 =10 

1 o/ \010 
up to some permutation of the parties. In fact, there does 
not exist other equivalence relations in this 3-qutrit fam- 
ily. To simplify the proof, we adopt the concept of normal 
form of a pure multipartite state |2J|. That is, one can 
transform any \<&) A A ... A into its normal form by the 
ILO's, whose local density operators are all proportional 
to the identity and the normal form is unique up to lo- 
cal unitary transformations. In the light of this fact, by 



V| x3 = | I 



the ILO's V: 



3x3 



V, 



3x3 



T/ 3x3 
V C 



=diag(l, l,x 



-1/31 



obtain the normal form of \^ x ) abc 



1*1 



'ABC 



-1/3 



|012) 



-1/3 



1 120) 



-1/3 



|000) + |111) + |222). 



1201) 

(7) 



whose local density operators are indeed proportional to 
the identity, so the possible ILO's making |<I/" orm ) ABC 
into |\l/™ orm ) must be unitary. Moreover, one 

can readily check that the local rank of the states in 
R(p4%or m ) ( also R(p§£ r m ), and i?(pf£ rm ) ) can be no 
more than two iff x = — 1, while in any other case the 
local rank of the combination of three adjoint states is 
always three, so there exist at least one zero in every col- 
umn of the unitary transformations. Recall that a uni- 
tary matrix acting on a d— dimensional space can always 
be written as a product of several two-level unitary ma- 
trices [25|. With these techniques one can find out the 
form of the unitary transformations and get the above 
assertion. A striking feature of the state Y&x) abc i s that 
it actually contains infinitely many classes of entangle- 
ment, which is the main topic in this paper. Besides this 
example, we will demonstrate the concrete techniques for 
such generic system by the classification of 2 x 4 x 4 states 
in next section. On the other hand, intuitively the cases 
with no product states in the ranges are more involved 
than those owning at least one product state. Unfortu- 
nately, finding out the normal form of a state is often 
difficult, or sometimes meaningless if it is identical to 
zero J24| . Although one can follow the formal procedure 
similar to that in the appendix in |l7j . it is now diffi- 
cult to find a solution, or to prove there is no solution 
for the equations set. So the range criterion works more 
effectively when there is at least one product state in 



some range of the reduced density operator in bipartite 
subspace. 

Let us move to the method of Low-to- High Rank Gen- 
erating Mode (LHRGM), which can be expressed as fol- 
lows. 

LHRGM. For the classification of true tripartite en- 
tangled states under SLOCC, the following equivalence 
relation is true, 

' |n )s(o|0) + 6|l))|M-l,JV-l) 

+ l*/2x(M-l)x(iV-l) ) 

|fii) = |0,M-1,JV- 
+ \l,M-l,N-2) + 

|n 2 ) = ino) + |o,M- 



I*) 



1) 



2xMxN 



l*/2x(M-l)x(iV-2) 



The condition a 
becoming \Qq)- 



n 3 ) = \n Q ) + \i,M-i)\ x ),a^o. 

■£ or b 7^ keeps | O2) and 1 1^3) not 

|x) = J2i=o ai I*) ano - the arbitrary 
constants cij's do not equal zero simultaneously. 

Notice that all related states |*) 2x m x jv m the 
LHRGM are truly entangled. The LHRGM is indeed 
an iterated method, in the sense that the calculation of 
the essential classes of highly dimensional states requires 
that of low-level families. As shown in 17], one first 
calculates \£Iq), which requires a relatively low amount 
of calculations. Based on it, the |f2 2 ) and |il 3 )'s family 
can be calculated economically, where several important 
invariance of ILO's have been employed so that the cal- 
culation can be enormously simplified. The calculation 
of above three families are necessarily required for any 
classification of |*)2xMxiV Moreover, in the cases of 
2 x (M + 1) x (2M + 1) and 2 x (M + 2) x (2M + 2) 
system in [l7|, the |fii)'s family proved to be a subset of 
the above three families by induction. 

We advance another problem on this special family. 
That is, does any |fii)'s family always belong to corre- 
sponding \Hq), |f2 2 ) and |^3)'s family? The answer is 
negative, since we have found an exception in the 2x3x3 
system, i.e., the state |001) + |010) + |112) + |112). By 
theorem 2 in [I3 , it does not belong to anyone of other 
three families, which indicates that the induction will 
not be available for every classification of entanglement 
in 2 x At x N space. Apply the LHRGM technique to 
the term |*)^„^j iwi-w t, in |Oi), 



^l/2xJWxiV 

(o |0> + 6 

+ 1* 



/2x(Af-l)x(JV-2) 



- |0,M-l,iV-l 
l))|M-2,JV-3) 

2x(M-2)x(iV-3) ' 

\0,M-2,N-3) 

+ \l,M-2,N-4) + |* 

(o|0) + 6|l))|M-2,JV- 

+ |0,M-2)| X ') + l*) 2 x(Af-2)x(iV-3) 

(o |0> + 6 11» I Af - 2, JV - 3> 

+ |l,M-2)| X / ) + |*> ax(Af _ 2)x(iV _3 ) ,o ? 6 > (JV) 



'2x(M- 

-3) 



1,M- l.JV-2) 
(I) 
, (II) 
b £ 0, (III) 



2)x(Af-4) 



V^JV-4 



=0 
<— > 



M-2) B and \N - 1 



where \\ 

forms \M — 1 

so that (I) ~- \fl 

other three families. 

(IV) identical to |n 2 ) 2xMxJV 

the only exception is (II) 



As for expression (I), one per- 



2xMxN> 

The same 



C ^\N-3) C , 

which becomes one of 

ILO's make (III) and 

r l^3) 2 xAfxJV ThuS ' 

' |0,M-1,JV-1) + 



|l,M-l,JV-2) + |0,M-2,JV-3) + 

|l,M-2,JV-4) + |*> 2x(M _ 2)x(JV _4). Continue this 
procedure, which will cease when M—l — k = N — 2 — 2k, 
or k = N — M — 1. Thus the unique exception is 

N-M-X 

\*)7*m*n = E (\0,M-l-i,N-l-2i) + 



i=0 



\l,M-l-i,N-2- 2*» + |*) 2X(2M _^ )X( 



2M-N) 



(8) 



Notice there are no two identical terms in 
{\N - 1 - 2i) ,\N - 2 - 2i)},i = 0,1, ...,N - M - 1. We 
investigate the above expression in several cases. ( the 
states |T.j) ,i = 0,1,2 are defined in [17]], their explicit 
forms are given in the section IV ) 

(i) N = 2M. The state \^)2xMx2M ^ s J us * tnc unique 
class J T ) in 2 x M x 2M space. 

(ii) N = 2M - 1. It is the case of theorem 3 in [l7J. 
Evidently, we have |*> 2x mx(2A/-i) ~ l T i>- which 
belongs to the |f2o)'s family. 

(iii) N = 2M - 2. It is the case of theorem 4 in \il\. 
There are two situations here corresponding to \GHZ) 
and \W) state respectively. If |*) 2x2x2 ~ \GHZ), by 
operations \N—1) C <-» |0) c and \M — 1) B <-> |0) B , 
we then transform \^)2xMx(2M-2) m ^° l^o)'s family. 
On the other hand if | v I') 2x2><2 ~ \W), by the same 
ILO's |4')2xMx(2M-2) a l wa y s becomes either |0 2 ) or 
|il3). Therefore, (ii) and (iii) confirm the fact that 

l^i/2x(M+i)x(2JVf+i) and l^i/2x(M+2)x(2M+2) belong to 
other three relevant families respectively. 
(iv) N = 2M - 3, and we get |*) 2x3x3 . By the result of 
2x3x3 states in [l7| and skills similar to that in (iii), 
we find the unique exception 



M-A 



1*: 



to use the LHRGM technique in the ABC and ACB sys- 
tem in turn, since there will exist the cases of M > N. In 
addition, there will more frequently be of infinitely many 
classes of entanglement in this family (see next section) , 
which also enhances its complexity. On all accounts, 
the calculation of essential classes of \^)2xMx(2M-q) ^ 
LHRGM requires that one knows the classes of true en- 
tangled states of |*) 2x (Af-i)x(2M-Q-i) and |*) 2xQxQ . 
To summary, we have reviewed the range criterion and 
applied it to the more general cases such as the 4-qubit 
and 3-qutrit systems, which can be entangled in infinitely 
many ways. For the technique of LHRGM, we have an- 
alyzed the possible structure of |f2i) and the method of 
its simplified calculation. 



III. CLASSIFICATION OF 2 x 4 x 4 STATES 

As mentioned in the preceding section, a distributed 
system can be entangled in infinitely many ways with 
increasing of dimensions of Hilbert space. The simplest 
case is the family of 2 x 4 x 4 states, so it worth a further 
investigation. An early result by W. Dur et al. [l0|. 
has pointed out that the entangled systems with a finite 
number of entangled classes only potentially exist in the 
2 x M x N space. This assertion has been confirmed in 
the four-qubit system [lj]. Here, we will prove that the 
family of 2 x 4 x 4 states also contains infinitely many 
essential classes. In addition, the 2x4x4 system can 
be regarded as a special case of the five-qubit system. 
Hence, the classification of 2 x 4 x 4 states helps get 
insight into the structure of the five-qubit states, which 
remains a sophisticated problem in QIT. 

Before we go to the classification of 2 x 4 x 4 states, we 
shall make some useful preparations , mainly quoted from 



2xAfx(2M-3) 



(|0, M - 1 - i,2M - 4 - 2t) + [ijj. Define tw0 IL0 's 0£{\<f>) , a 



7=0 



|1, M - 1 - *, 2M - 5 - 2i)) + |010) + |001) + |112) + |121) 



Thus we only need to calculate other three families when 
we classify the entanglement in 2 x M x (2M — 3) space. 
In general, it is necessary to analyze the expression of 
|^) 2X MxiV smce the induction operates merely in the 
cases of (ii) and (iii). Conclusively, the LHRGM tech- 
nique equals the calculation of \£Iq), |^ 2 ), ^3) and 

\m exc 

So far we have managed to check several special 
cases of I^^mxjv- Evidently, it is determined by 
l*>2x(2M-JV)x(2Af-A') that whether |^i) 2xMxA , will pro- 
duce exceptional states not belonging to the other fam- 
ilies. Let Q = 2M — N. As for the case of Q — 3, we 
have found the essential classes of 1^)2x3x3 m 53- With 
the help of existing results and techniques, one can step- 
by-step calculate each | v t , ) 2x q/,q' & family by LHRGM, 
Q = 4, 5, .... It is difficult to provide a restrict criterion 
determining whether the exceptional family are equiva- 
lent to those derived from JOq), |J7 2 ) and IO3), for one has 



flA "> "I^A and 

0£{\(t>)M)) ■ \4>) A -» 1^)^ + I^)a> respectively. Some 
■ existing results are also available. They are the 2x3x2 
classes of entanglement, 



|0 O ) = |000) + |011) 
10!) = |000) + |011) 

and the 2x3x3 classes, 



|121)€ [l,oo,l], 

|110) + |121) € [0,oo,0], (9) 



<£o) = 


|000) + |111) + |022) e [l,oo,oo], 




<pl) = 


|000) + |lll) + (|0) + |l))|22)e [0,3,3], 




<P2) = 


|010) + |001) + |112) + |121) e [0,oo,oo], 




<P3) = 


|100) + |010) + |001) + |112) + |121) e [0, 


1,1], 


<P4.) = 


|100) + |010) + |001) + |022) G [l,oo,oo], 




<P5) = 


|100) + |010) + |001) + |122) G [0,2,2]. 


(10) 



All these states are inequivalent under SLOCC in terms 
of the range criterion. Notice there exist the so-called 
invariance of \<pi) under the ILO's |0) <-> |1) on all parties, 
and that of \<fi2) under the ILO's \0) A ^ |1)^, |0) B ^^ 
|2) B and |0) c <-» |2) c . This feature will help simplify the 



calculation. With these preconditions, we can describe 
the classification of 2 x 4 x 4 states. 

Theorem 1. There are 16 essentially entangled classes 
in 2 x 4 x 4 space, 



l*o) 


= 


|133) + |vo) G [O.oo.oo]; 


l*l) 


= 


|033) + |w,)e [1,00,00]; 


l$ 2 ) 


= 


|133) + |^i) e [O.oo.oo]; 


^) x 


= 


(|0)+x|l))|33) + |^)e[0,4,4],x^0,l; 


|$4> 


= 


|133) + |(^ 2 ) G [0, oo,oo]; 


1*5) 


= 


|133) + |^3> e [0, oo,ooj; 


l$e) 


= 


|033) + |^ 3 ) G [0,2,2]; 


|* 7 ) 


= 


|133) + |^ 4 ) G [0,oo,oo]; 


l*s) 


= 


|033) + |(^ 4 ) G [l,oo,oo]; 


l$o) 


= 


|133) + |p 5 ) G [0,oo,oo]; 


$io) 


= 


(|0) + |1» |33> + |ws> G [0,3,3]; 


$ll) 


= 


|133) + |032) + |(^ 2 ) e [0,oo,oo]; 


$1 2 ) 


= 


1 133) + |032) + | (^ 3 ) e [0,1,1]; 


$is) 


= 


|033) + |132) 4- \tp A ) G [0,oo,oo]; 


$«) 


= 


|133) + |032) + |^5> e [0,2,2]; 


$15) 


= 


|033) + |132) + |^i) G [0,oo,oo]. (1 



Notice the class ($3) contains a parameter cc, which can- 
not be removed. So the parameter x characterizes that 
the classes of true entangled states of 2 x 4 x 4 system 
are infinite. 

Proof. Due to the LHRGM we write out 

" |fio> = (a|0) + 6|l»|33) + |*) 2x3x8) 
|n 1 ) = |033) + |132) + |vI/) 2X 3 X2 , 

|n 2 ) = |fio> + |03)|x>,6^0, 
|n 3 ) = |fio> + |13>|x>,o ? t0. 

Here, \\) — J2i=o ai I*) smce N = 4. Let us begin with 



i*: 



2x4x4 



the calculation of |f2o). The style is similar to 
(i) |no> = (o|0)+6|l))|33) + |^). If ab = 0, then it 
leads to the entangled class |$o) or |$i). For the case of 
ab ^ 0, it holds that \fl ) Q ~ (|0) + a |1)) |33) + |000) + 
|111) + |022). By operations Of(|l) , a" 1 ) <X> Of (|1) , a), 
\2) B «-► |3) B , |2) c <-► |3) c and |0) <-> |1) in all parties, we 
make \tto) go into the class \<&2)- 

(ii) |fio)i = ( a |0)+6|l)) |33)+|(/?i). Due to the invariance 
of |(/3i), for the case of ab = it is transformed into |$ 2 ). 
If ab^O, then |fi ) 1 - (|0> +a|l» |33> + |000) + |111) + 
(|0) + |1))|22) ~ [$3)^,0:^0,1. T£x= 1 |^o)i is taken 
into the class |$ 2 ) by C#(|1),-|0)) <g> Of (|0> , -1) <8> 

Of(|0>,-l)and|l) B H2) B) |l) c <->|2) c . 

(iii) |n ) 2 = 01°) + M 1 )) I 33 ) + |V2>- Due to the in- 
variance of 1^2}) choose b 7^ 0. By using of the ILO's 
Ctf (|1) , -a |0)) ® Of (|0) , a |2» ® Of (|0) , a |2)), we ob- 
tain that (a|0) + |l))|33) + |010) + |001) + |112) + |121) ~ 

1*4). 

(iv) |fio) 3 = (o|0) + 6|1)) |33) + |p 8 ). If a = 0, then 



|n > 



[$5). For the case of a ^ 0, the operations 



O 2 4 (|0),-a|l)) <g> Of(|2),a|0)) ® Of(|2),a|0» make 



(|0)+a|l))|33) 
1*6). 



|100) + |010) + |001) + |112) + |121) 



(v) \n ) 4 = (a|0) + 6|1»|33) + |^4). If M 0, by 
the ILO's Of(|l),-a|0)) <g> Of (|1) ,a |0)), we obtain 
(a |0) + |1)) |33) + 1 100) + |010) + |001) + |022) ~ |$ 7 ). 
The case of b = is immediately taken into the form of 

1*8). 

(vi) |O ) 5 = (a |0) + 6 11» [33) + \<p s ). If b = 0, the ILO's 
\2) B <-> |3) B and |2) c <-> |3) c bring [Oo) 5 into the case 
of (v), while the class |$g) is derived from the case of 
a = 0. Moreover in the case of ab ^ 0, by performing the 
ILO's Of (|0) , a" 1 ) ® Of (|1) , a) <g> Of (|1) , a) on |fi ) B , 
it leads to the class |$io). 

So far we have accomplished the computation of |fio)- 
Next, let us go on with the case of |f2 2 ), which is more 
involved than the above process. For 6^0, we can move 
it away by the ILO's. Hence, 
(i) |n 2 )„ = (a |0) + |1)) |33) + |000) + |111) + [022) + 

|03) E- = o *i I*)- % the IL0 ' S °2 B (|0) , -ao |3)), \0) B «-► 
|3) B and |0) c <-> |3) c , one can transform |O 2 ) into the 
case of |^o). 
(ii) IJla)! = (o|0) + |1))|33) + |000) + |111) + (|0) + 

|l))|22) + |03)Ei=o°*K)- The same ILO's make |fi 2 )i ~ 

|fio). 

(iii) |fi 2 ) 2 = (a |0) + |1)) |33) + |010) + |001) + |112) + |121) + 

|03) J2i=o ai I*)- Bue to the operations 2 (|1) , —a |0))<g> 

Of(|0),a|2)) <x> Of(|0),a|2)), it holds that |0 2 ) 2 ~ 

|133) + |010) + |001) + |112) + |121) + |03)E-=o«iH)» 
which can be taken into the class |$n) by the ILO's 
Of(|l),-a(,|3))®Of(|0),-ai|3))®O 2 c (|3),a; ) |2)). 
(iv) |fi 2 ) 3 = {a |0) + |1)) |33) + |100) + |010) + |001) + 
|112) + |121) + 1 03) ELo a * I*)- K a = 0, the operations 
Of(|l),-a |3)) <g) Of(\0),- ai \3)) ® O 2 c (|3), a o|2) + 
ai |0)) make that ^2)3 ~ |$12)- For the case of a ^ 0, 
we can write out |fi 2 ) 3 ~ (|0)+a|l)) |33) + |100) + |010) + 
|001) + 1 112) + 1 121) + |03)X)Lo a i K)) on which we P^- 
form the ILO's OfflO) , -a |1))®0 2 J (|3) , - £?=o a, |»))(g) 



Of(|2),a|0)) ®Of(|2), a |0)) and get |fi 



2/3 



|033) 



|100) + |010) + 1001) + 1112) + 1121) + 113) J2t=o < I*)- For- 
tunately, this expression can be brought into the case of 
|fi ) by the ILO's Of (|0) , -a' |3)) ® Of (|1) , -a 2 |3)) ® 
Of(|2),-ai|3))®O 2 c (|3),a2|0) + ^|l)). 
(v) |fij,) 4 = (a |0) + |1)) |33) + |100) + |010) + |001) + 
|022) + |03)^ i=o ai \i). Similar to (i) and (ii), perform- 
ing the operations Of (|2) , — a 2 |3)), |2) B <-» |3) B and 
|2) c ^^ |3) c makes that |0 2 ) 4 ~ |O ). 
(vi) |fia) B = {a |0) + |1)) |33) + [100) + |010) + |001) + 
|122) + 1 03)X)? =0 Oi| i). If a = 0, by the ILO's 
Of(|l),-a |3))®Of(|0),-a 1 |3))®O 2 c (|3),a 1 |0)),we 



obtain |Q 2 ) 



$ 



14; 



For the case of a ^ 0, we first 



perform the operations Of (|1) , — a|0)) <X> 2 (|1) , a|0)) 



so that \n 



2/5 



|133) + 1 100) + |010) + |001) + 1 122) 



a|022) + |03) Ei= OiK)- Subsequently, by the ILO's 
Of (|2) , a 2 /a |3)) ® 2 c (|3) , -a 2 /a |2)), |2) s ^> |3) B and 
|2) c <-> |3) c , we transform the above situation to that of 
|fio). 

With the help of the results of both |f2o) and |0 2 ), 
we can treat the case of | O3 ) more succinctly. In the 



same way, let \il3) i = \Clo) i + 1 13) |x) ■ For the case of We list them with the notation of local ranks (ao,ai, 
\fl 3 )-,i = 0,5, the tricks similar to that of \ft?)n and 



2>0 . 
|f72)i realize that ^3)0 ~ |^o); while the invariance 

of \ipi) and \(p%) has implied ^3)^ ~ l^aL)* = 1, 2. 
Subsequently, [^3)3 can be taken into the form of |Qo) 
by the skills similar to that of the case of a ^ of 
102)3. ^he so ^ e new c l ass is derived from the calcula- 
tion of |0 3 ) 4 = (|0) + a |1)) 1 33) + |100) + |010) + |001) + 
|022) + 1 13) X),_o a i I*)) which can be taken into the form 
of |0 2 ) 4 if a ^ 0, by the ILO's C#(|l) ,-l/a|0)) ® 

Of(|l),l/a|0)) ® O 2 c (|3),-l/aE- =0 ^N))- 0n thc 
other hand let a = 0. If a 1 7^ 0, in virtue of the opera- 
tions O 2 7 (|l),- a2 /a 1 |2))®O 2 3 (|2),a 2 /a 1 |0)), |2) B «-► 
|3) B and \2) c «-► |3) c we make that |0 3 ) 4 ~ |O ). 
For the case of ai = 0, performing the operations 
Of(|0),-Oo|3))(8>Of(|2),ao|l» on |fi 3 ) 4 gives rise to 
the fact that 1^3)4 ~ ($13) . Finally we calculation the 
family of |Oi), which only contains two subcases. For 
the case of |Oi) = |033) + |132) + \4>o), we can transform 
it into the family of |fio) by the operations |0) B «-> |3) B 
and |0) c <-> |3) c . The case of \Cl 1 ) 1 = |O33) + |132) + |0i) 
is just the class | <& 15 ) . 

In what follows, the task is to prove that these 
16 entangled classes are essentially inequivalent under 
SLOCC. In principle, we distinguish the classes by range 
criterion, and specially in terms of the notation [*,*,*] 
defined in range criterion. As the situation is more com- 
plicated than those in [17} , we will fully employ the fact 
that the local rank of subsystem is invariant under ILO's. 
For example, consider the two classes 



l*o) 
|* 2 ) 



1 133) 

1 133) 



1 000) 
1 000) 



|111) + |022), 

|111) + (|0) + |1))|22),(12) 



which can be rewritten as 



®o) ABC 


= |0)(|00) + |22)) + |1)(|11) + |33)), 


$ 2)ABC 


= |0)(|00) + |22)) + |1)(|11) + |22) + |33)). 




(13) 



Evidently, the local rank of the state in R(p^ c ) is 2 or 
4, while that in R(p^, c ) can be 2, 3 or 4. Thus the two 
states are inequivalent. For simplicity we define the set 
(a , oi, ...), and a state \^) abc belongs to this set iff all 
the possible values of local ranks of the states in R(p^ c ) 
are ao,ai,.... Combined with the notation [*,*,*] we 
have 



l*o) ABC € [0,oo,oo] n (2,4), 

1*2 W e [0,00,00] n (2,3,4). (14) 

A. Discrimination of the classes in [0,oo,oo], 

[l,oo,oo] and [0,2,2] 

There are nine entangled classes in the set of [0, 00, 00]. 



1*0) = 


|133) + |¥X,)e(2,4); 


1*2) = 


|133) + |¥>i)e (2,3,4); 


1*4) = 


|133) + |^)e(2,3); 


1*5) = 


|133) + |¥> 3 )e(2,4); 


1*7) = 


|133) + \<pt) e (2,3,4); 


1*9) = 


|133) + ^ 5 )e (2,3,4); 


*ll) = 


|133) + |032) + |cp 2 )e(3); 


$13) = 


|033) + |132) + |cp 4 )e(2,4); 


$16> = 


|O33) + |132) + |0 1 ) e (3). 



(15) 



Except the sole class [$4) with (2,3), the other eight 
classes can be divided into three groups with respect to 
the local ranks, i.e., (2,4), (2,3,4) and (3). 

I. the case of (2,4), including three classes |$o)j |$s) 
and I $13). Notice that there are two rank-2 states |00) + 
|22) and |11) + |33) in i?( / of c ), while there is only one 
such state in R(p^) and i?(pf c ) respectively. Due to 
the range criterion, |$ ) differs from the other two states. 
In order to compare [$5) and [$13), write out 



R(4f 3 ) 



a |13) + b |11) + c(|00) + 1 12)) + d(|10) + |01)), 
a' |03) + b' |00) + c'(|13) + |02)) + d'(|10) + |01)). 

(16) 



Observe these two expressions. Although there are in- 
finitely many product states in either of them, it oc- 
curs iff c = d = and c' = d! = 0. This implies that 
the possible ILO's must transform (a' |3) +b' |0))f into 

(a 1 3) +6|1))§ 6 , which means either |3)f i3 or |0)f i3 will 
be taken into (|3) + a |l))f . However, the adjoint state 

of |3)| i3 is |03) + |12) and that of |0)* a is 1 10) + |01), 
and either of these two adjoint states makes the range 
an entangled state. Since the adjoint state of |3) $r is of 
product form, we get the outcome that ($5) and ($13) 
are not equivalent under SLOCC. 

II. the case of (2,3,4), including three classes |4>2), [$7) 
and I $9). Similar to the case of I, |<I> 2 ) is a distinctive 
class containing two rank-3 states in R(p^ c ), while there 
is only one such state in R(p^ c ) and R(p^, c ) respectively. 
In order to compare \^r) and |$g), write out 



R<A?) - 


-- a |13) + b |02) + c |00) + d(|10) + |01)), 


R{pi*) - 


= a' |13) + b' |12) + c' |00) + d'(|10) + |01». 




(17) 



Notice the possible ILO's must make that |0) $ 
and 



HI 



$ 9 
|1)$_ <->■ |0) $ due to the local ranks of the adjoint 
states. By the expressions of R(p^f) and -R(p$,f ) we 

have |0) $ — > |3) # . Since the adjoint state of |0) $ is 
1 10) + |01) making the range entangled while the adjoint 
state of |3) $ is of product form, the two states \<&i) and 
|$g) are inequivalent. 



III. the case of (3), 
|$i 5 ). Write out 



including two classes |$n) and This can be seen as follows, 






o|13>- 
a! |03) 



6|01)H 
-b' 1 13) 



■c(|03) + 
+ c'(|00) 



|12», 



ll)) + d(|00) 

HH)) + d'(|01) + |12)). =( | ) +y ]i))|33) 



Vabc[(|0) + x |1» |33) + |000) + |111) + (|0) + |1» |22)] 



(18) 



ii 
1 000) 



J7J 

1111) 



(|0> 



IV 

■|1»|22>, 



Evidently, the product states in R(p$f) are o' |03) + 
b' 1 13), while there exist the product states 1 13} and |01) 
in R(p£ B ), and there does not exist an ILO making |3) $ 

to |3) $ and |1) $ simultaneously. Consequently, |3>n) 
and ^15) differs from each other. 

Therefore we have accomplished the task of compari- 
son of the entangled classes in [0, 00, 00]. With the sim- 
ilar techniques we can easily treat the residual business. 
There are two classes belonging to [1, 00, 00] as follows, 



where Vabc = Va Vb de- 
pression of this equation is 



l*i: 



ABC 



I* 



|033) + 


|000) 


+ 1111) + 


J022) 


e (1,3,4 


). 


|033) + 


|100) 


+ |010) + 


|001) 


+ |022) € 


"(1,4), 
(19) 



S/ABC 



and one can immediately recognize the inequivalence of 
them. For the case of [0, 2, 2], we also write the concrete 
forms of two classes both of which belong to (3, 4) 



\**)abc -~ 


= |033) + |100) + |010) + |001) + |112) + |121) , 


®14lABC = 


= |133) + |032) + |100) + |010) + |001) + |122) . 




(20) 



into 
c 



It is easy to find out the two product states in R(p£ c 
are |03) and |11), and that in R{p£°) are |00) and |12) 
Thus the possible ILO's must bring |0) $ or |2) 
|3) $ . Since either of the two adjoint states of |0) $ 
and |2) $ makes the range entangled, while the adjoint 

state of |3) $ is of product form, so |$g) an d |^?i4) are 
inequivalent. As the other three classes 1^3)^,, |$io) an( i 
I $12) belong to different sets, we thus assert that there 
arc indeed 16 classes of states in true 2x4x4 space, 
under the SLOCC criterion. 

B. Classification of the entangled class |$3) 

In this subsection, we investigate the structure of the 
class 1*3), = (|0) + x |1)) |33) + |000) + |111) + (|0) + 
|1)) 1 22), which contains a parameter x ^ 0, 1. Evidently, 
the set of product states in R(p£ B ) is S x = {(|0) + 
x|l))|3),|00),|ll),(|0) + |1))|2)}. 3X Thus, if |$ 3 > x ~ 
|$3) , then the possible ILO's must bring S x into S, 



y 



i.e., every element in S x will be transformed into some el- 
ement in S y . Due to the symmetry of system BC, it holds 



that every term in |$3) 
term in ($3)^, e.g., (|0) 
|000) x -> |000).., 1111 



will be transformed into some 
-s|l»|33)-(|0)+i,|l»|33>, 



„. ,, -> |lll) y , (|0) + |l))|2) x -+ 

(|0) + |1)) |2) . It then seems that we have to treat 24 
subcases with respect to all kinds of matches, but actu- 
ally only three of them is worth a further investigation. 



(21) 



Another alternative ex- 



VAbc[(|0)+^ 1 |1»|33) + |1H) 



j000) + C0) + |l))|22)j 

II III IV 

= (|0)+y- 1 |l))|:«) + |lH> + |000) + (|0) + |l))|22), 

3 4 



1 
-1 



(22) 



where V' ABC = ^xA®cf xB <S){0^(\3} ,y 1 )<7 x c)(y A ®VB<S> 
V c )(J x a <JxB (Of (| 3) , x)<r xC ) and a x is the Pauli op- 
erator. Similarly one can choose V ABC — (V A Vb 

Vc)(T x A <S>(TxB (Of (\S) , x)(T x c) OtV a " BC = <7xA®C7xB® 

(Of (|3) ,y- 1 )cr a;C )(VA V B V c ). We regard the posi- 
tion of every term invariant under either of these four 
transformations, e.g., I — ► 2,7/ — ► 3,111 — ► 4, IV — ► 1, 
although the contents of them are changed. We can 
bring this match into the case of (000)^. — > |000) 1 and 
|lll) x -» (|0) + |1)) 122)^! by V' A n BC . In the same vein, 
by virtue of these four transformations and the invari- 
ance of the matches, all the 24 subcases can be taken 
into three scenarios: (i) II, III — ► 2, 3; (ii) II — ► 2, 3 
and III — ► 1, 4; (iii) II, III — ► 1, 4, where we only need 
to replace the parameter x in the final result with x^ 1 
as well as the parameter y with y~ x , e.g., the equation 
x = y contains other three equations x^ 1 = y, x = y^ 1 
and x^ 1 = y^ 1 , so that all possible value of y can be 
achieved. For the case of (i), we can get the following 
results after some ILO's 



^ 


= (a |0) + x |1)) |33) + |000) + |111) + (a |0) + |1)) |22) , 


*s>i 


= (bx |0) + |1)) |33) + |000) + |111) + (b |0) + |1)) |22) , 




(23) 



where some coefficients have been moved away by the 
ILO's 0\ and a, b are the residual parameters. Compare 
these two expressions with that of \&3) v supplemented 



by the possible ILO's |2) B <-> |3) B and |2), 



|3>, 



we 

can get y = x,x~ x . For the case of (ii), it is easy to 
choose a definite transformation lOOO)^, — > |000) , and 

|Hl)x' -» (1°) + |1>) \ 22 )y" wherc x ' = x ^ x ^ and 2/' = 
y,y~ l . Consequently, the resulting state is 



\^) y , = (a|0) + s / (|0) + |l»)|33> + |000> 

+ (|0) + |l))|22) + (a|0) + (|0) + |l))) 



11) 



(24) 



If a 



-1 we have 



l$:i 



x'-l 



|1» |33) + |000) 



+ (|0) + |1))|22) + |111) 
- = y', or y = 1-2 



(25) 



1 - 

„/ 



L ,(l 



and hence ^—^ 

x)- l ,(i-x- f y 

change between |11) BC and |33) BC and compare the re- 
sulting expression with that of \<&3) y ,, we get 1 



y 



which leads to the same result above. While in the 
case of (hi), choose |000) x , -* (|0) + y'|l)) |33) y , and 
|H1) X / -» (|0) + |1)) |22) v „ and the resulting state is 



1*3),, = (a(\0)+y'\l))+x'(\0) 
+ (|0)+|/'|1))|33) + (|0) 
+ ( O (|0)+y'|l)) + (|0) + 



Hi))) loo) 

b|l»|22> 
1)))|11). (26) 



Follow the same technique in (ii), choose a = — 1, — y' 
such that y' — x' , x' , which again leads to y = x,x~ l . 
In all, we find that |$ 3 ) x - |$3)i_ x ~ |<&3> 1 _ aj -i ~ 
|*3) x -i ~ l*a)(i_ a . ) -i ~ |$ 3 ) (1 _ a: -i ) -i • Define the set 
C x = {^^^-^(l-a;)- 1 ,!-^ 1 ^!-^ 1 )- 1 },!^ 
0, 1, then |$ 3 ) x ~ |$ 3 ) y iff y e C x . It is easy to verify 
that the whole complex number field can be expressed as 
C = {0, 1} U C XQ U C Xl U • • • ,Xi^Xj for different i,j. In 
addition, any two elements chosen from distinct sets C Xi 
and C x . are not identical. These characters state that 
the entangled class \&3) x can be divided into infinitely 
many kinds of states. Q.E.D. 



IV. HIERARCHY OF ENTANGLEMENT IN 
2 x 3 x N SPACE AND CLASSIFICATION OF 

2 x (M + 3) x (2M + 3) AND 2 x (M + 4) x (2M + 4) 
STATES 



In the preceding section, we have proved that there 
exist infinitely many entangled classes in the 2x4x4 
space under SLOCC, for the existence of state l^),^ 
It is known that there is only a finite number of es- 
sential classes in the 2 x 2 x N, N = 2,3,4,... and 

2 x 3 x TV, iV = 3, 4, 5, 6... space [lSlil^: so the 2 x 4 x 4 
states are the simplest family containing an infinite num- 
ber of entangled classes. For some trivial cases, i.e., the 
unentangled states and those product in one party and 
entangled with respect to the other two, we omit the de- 
duction of classification. Subsequently, we generally list 
the classification of 2 x 3 x N states in the following table. 



true rank of system 


Class 


2 x 3 x N(N > 6) 


|000) + |011) + |022) + |103) 




+ |114) + |125); 


2x3x5 


|024) + |000) + |011) 




+ |102) + |113); 




|024) + |121) + |000) + |011) 




+ |102) + |113); 



2x3x4 


|123) + |012) + |000) + |101); 

023) + 012) + |000) + 101) ; 

|123) + |012) + |110) + |000) + |101) ; 

|023) + |122) + |012) + |000) + |101) ; 

023) + 122) + |012) + |110) + |000) + |101) ; 


2x3x3 


|000) + |111) + |022); 

000) + |lll) + |022) + |122); 

|010) + |001) + |112) + |121); 
|100) + |010) + |001) + |112) + |121) ; 
100) + |010) + |001) + |022) ; 
|100) + |010) + |001) + |122); 


2x3x2 


|000) + |011) + |121); 

|000) + |011) + |110) + |121); 


2x2x4 


|000) + |011) + |102) + |113); 


2x2x3 


|000) + |011) + |112); 

|000) + |011)+ 101) + |112); 


2x2x2 


|000) + |111); 

|001) + |010) + |100); 


1x3x3 


|000) + |011) + |022); 


1x2x2 


|000) + |011) ; 


2x1x2 


|000) + |101); 


2x2x1 


|000) + |110); 


lxlxl 


|000) . 



Let us analyze the above table. By this hierarchy, there 
are totally 26 entangled classes in the whole 2 x 3 x N 
system under SLOCC. As mentioned in the LHRGM, we 
see that the classes are generating in a regular way, i.e., 
higher entangled classes are intimately concerned with 
lower entangled ones. For example, the classes in 2 x 3 x 5 
space have a "branch" structure such that 



|000) + |011) + |102) + |113) + 



|024) , 

1 024) + |121) 



Here, both of the states consist of two parts, including 
one original 2x2x4 class and the other portion by the 
added dimension. According to the LHRGM, every prod- 
uct term of the added portion always contains at least a 
new high ket, such as \2) B , or |4) c in the term |024). 
This suggests that the added portion could be viewed as 
a distribution of all high kets, complemented by the lower 
kets existing in the original class. By simply writing all 
distributions, one can primarily realize the structure of 
a certain kind of entanglement. On the other hand, the 
number of inequivalent classes differs with the changing 
dimensions. Specifically, there are orderly 1,2,6,5,2,1 
kinds of states in 2 x3x7V space, N = 1, 2,3,4, 5,6, which 
implies the 2x3x3 states has the most classes of entan- 
glement. One can understand this fact like this. As the 
A,B system is in the 2x3 space, in which there are gener- 
ally six bases such that {|00) , |01) , |02) , |10) , |11) , |12)}. 
A, B need to select rank(p^ ) basis from the above set, 
so that the three cooperators can construct a purely triple 
state. Let n, m be integers, and [a] denotes the max- 



imum integer not more than a. Due to the combinato- 
rial theory, the combination (") is monotonically increas- 
ing when m < [n/2] and monotonically decreasing when 
m > [n/2] . So ("J reaches its maximum when m = [n/2] . 
We call this monotonicity quasi-combinatorial character. 
Surprisingly, although not explicitly coinciding with the 
combinations, the above numbers of entangled classes in- 
deed reflect this character. Another witness to this char- 
acter can be seen in the 2 x 4 x N system, in which 
the 2x4x4 system can be entan gled in infinitely many 
ways. By virtue of the results in (l7|. there are orderly 
1, 1, 5, oo, g, 6, 2, 1 classes of states in the 2 x 4 x N space, 
N = 1,2, 3, 4, 5, 6, 7, 8, and we will provide the result of 
g = 12 later. Besides, there is always a unique class in 
2 x M x 1 and 2 x M x 2M space respectively. So we expect 
that there exists the quasi-combinatorial character in any 
sequence of true 2xMxN systems , N = 1,2 , . . . , 2M. Due 
to the experience in both this paper and |l7| , we can infer 
that the classification of the 2 x M x N states requires 
an increasing amount of calculation when N approaches 
M. At last, the results with respect to the classification 
of 2 x (M + 3) x (2M + 3) and 2 x (M + 4) x (2M + 4) 
states are provided. For convenience, we list some exist- 
ing results appeared in [l7| in (i),(ii),(iii), 
(i) 2xM x 2M, M>2: 



M-l 



M-l 



|T ) = |0) J2 Iw) + Il) E lM + M)G [0,0,00 



(ii) 2 x (M + 1) x (2M + 1), M > 1 : 

|Ti) = |0,M,2M) + |T )e [0,1, oo]; 

|T 2 ) = |0,M,2M) + |l,M,M-l) + |To)€[0,0,oo]; 

(iii) 2 x (M + 2) x (2M + 2), M > 2 : 



e„> 


= 


|l,M + l,2Af + l) + 


|Ti)e[0,2,oo]; 




©i) 


= 


|0,M + 1,2M + 1) + 


|Ti) G [0,oo, oo]; 




e 2 > 


= 


|1,M + 1,2M + 1) + 


|T 2 )e[0,l,oo]; 




e 3 > 


e 


|0,M + 1,2M + 1) + 

[0,1, oo]; 


|1,M+1,2M) + 


Ti 


e 4 ) 


e 


|0,M + 1,2M+1) + 
[0,0, oo]; 


|1,M+1,0) + |T 


2) 


©5> 


= 


|0,M + 1,2M+1) + 


|1,M+1,2M) + 


T 2 



G [0,0,oo]. 

Based on these results we can carry on the new classifi- 
cation. Recall that there exist the so-called invariance of 
I Go) , I ©4) and |Os), e.g., |9q) remains unchanged under 



UU, |M- 



1 



■ \M) 
0, ...,M - 1. One can 



B- 



\2M + 1) C *-> 



ILO's \0) J 

\2M) C and \i + M) c 
find these invariances in |17j . which will be useful in the 
brief arguments for new outcomes. First we investigate 
the case of 2 x (M + 3) x (2M + 3) system. Due to 
the method of LHRGM, the required condition is the 
above 2 x (M + 2) x (2M + 2) classes for the calcula- 
tion of \Qi) , i = 0, 2, 3, while we have found out the sole 



class |Ti4) (see below) derived from |f2i) in (iv) in sec- 
tion II. As far as the concrete process is concerned, by 
virtue of the techniques in this paper and [l7| one can 
derive the classes |Tj) , i — 0,1,2, 3, 4, 5, 6, 7, 8 from the 
family of \fl ), and \T t ) ,i = 9,10,11,12,13 from \fl 2 ) 
and IO3), which are two equivalent families when the low 
rank entangled classes are |0o) , [64) and [65) in terms 
of the invariances. In addition, one can check that any 
pair of these classes are inequivalent under SLOCC by 
the range criterion. Consequently, we assert that the 
2 x (M + 3) x (2M + 3) system (M > 2) can be entangled 
in 15 ways in all under SLOCC. 

(iv) 2 x (M + 3) x (2M + 3), M > 2 : (For the case of 
M = 1, \T-i) : iTn), |Ti3) disappear due to the absence of 

(©4)2x3x4) 

|r ) = |l,Af + 2,2M + 2) + |6o> G [0,oo,oo]; 

|ri) = (|O) + |l))|M + 2,2M + 2) + |0 o )G[O,3,oo] ; 

|r 2 ) = |0,Af + 2,2M + 2) + |6i> G [0,oo,oo]; 

|r 3 ) = |l,Af + 2,2M + 2) + |e 2 > G [0,oo,oo]; 

|r 4 ) = |0,M + 2,2M + 2) + |e 2 ) G [0,2,oo]; 

|r 5 ) = |l,M+2,2M + 2) + |e 3 )G[0,2,oo]; 

|r 6 ) = |0,M + 2,2M + 2) + |6 3 ) G [0,oo,oo]; 

|r 7 ) = |1,M + 2,2M + 2) + |9 4 ) G [0,l,oo]; 

|r 8 ) = |l,M+2,2M + 2) + |0 5 )e[O,l,oo]; 

|r 9 ) ee |l,Af + 2,2M + 2) + |0,M + 2,2M + l) + |9 2 ) 

G [0,l,oo]; 

|r 10 ) = |O,Af + 2,2M + 2) + |l,M + 2,2M + l) + |0 3 ) 

G [0,l,oo]; 

|r u ) = |l,Af + 2,2M + 2) + |O,M + 2,Af+l) + |0 4 ) 

G [0,0,oo]; 

|r 12 ) ee |l,M + 2,2M + 2) + |O,M + 2,M) + |0 5 ) 

G [0,0,oo]; 

|r 13 ) ee |0,Af + 2,2M + 2) + |l,M + 2,2A/ + 1) + |0 5 ) 

G [0,0,oo]; 

M-l 

|r 14 ) = ^2(\0,M + 2-i,2M + 2-2i) 

+ \l,M + 2-i,2M + l-2i)) + \cp 2 ) G [0,oo,oo]. 



Based on the above results we can further classify the 
entanglement of 2 x (M + 4) x (2Af + 4) system. Notice 
the calculation of |Oi) requires the classification of the 
2x4x4 states, which has been given in section III and 
only the class |A 36 ) (see below) is derived. By using of 
the LHRGM one can obtain the classes |A$) , i G [0,23] 
from the family of \CIq), and the classes |Aj) , i G [24,35] 
from the family of |il 2 ) and IO3). In particular, |A 3 ) 
contains a parameter which cannot be removed, and thus 
the 2 x (M + 4) x (2M + 4) states are also a family of 
infinitely many classes. One can analyze the family of 
|A 3 ) similar to the case of |$3) x in 2 x 4 x 4 space, since 
there are only four product states in R(p$ c x ) 7 and the 
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possible transformations indeed make a term in the initial 
state into another term in the final state. We thus get the 
results of a new family containing infinitely many classes 
by the existing techniques, although the calculation here 
is more involved than the former cases. 

(v) 2 x (M + 4) x (2M + 4), M > 2 : (For the case of 
M = 1, |Ai) , i = 12, 13, 20, 22, 25, 28, 29, 31, 32 disappear 
and an added class is |045) + |142) + |r 9 ) M=1 ) 



|A 
|A 
|A 
|A 



|A 

I A. 

|A 

|A 

IA 

|A 9 

Aio 

An 

Al2 
A13 
Al4 
A15 
Aie 
A17 
Ais 
A19 

A 20 

A21 

A22 
A23 

A24 

A25 
A26 
A27 
A28 
A29 



|l,M + 3,2M + 3) + |r ) G [0,oo,oo]; 
|0,M + 3,2M + 3) + |r ) G [0,oo,oo]; 
(|0) + |1» \M + 3, 2M + 3) + |r > G [0, 00, 00] 
(|0) +x\l)) \M + 3, 2M + 3) + |Ti) 
[0,4, 00], a; =£0,1; 



0,M + 3,2M 
1,M + 3,2M 
|0,M + 3,2Af 
(|0} + |1))|M- 
f 3,2M 
f 3,2M 
|1))|M- 
f 3, 2M • 



1,M 
0,M 
(|0>4 
0,M 
1,M 
10, M 
1,M 
0,M 
1,M 
0,M 
1,M 
0,M 
1,M 
1,M 
1,M 
1,M 
1,M 



- 3, 2M 
•3,2M 

- 3, 2M 

- 3, 2M 

- 3, 2M 
-3,2M 
-3,2M 
-3,2M 
-3,2M 
-3,2M 
-3,2M 
-3,2M 
-3,2M 



-3} + |r 2 
■3} + |r 3 
-3) + |r 3 

3, 2M + 

•3} + |r 5 

- 3) + |r 5 

3,2M + 
-3) 
-3} 
-3} 
-3} 
-3} 
-3} 
-3} 
-3} 
-3) 



G [0,oo,oo]; 
G [0,oo,oo]; 
G [0,oo,oo]; 

3) + |r 4 )G [0,3,00]; 

G [0,oo,oo]; 
G [0,oo,oo]; 

3) + |r 5 )G [0,3,00]; 
[0,00,00]; 
[0,00,00]; 

[0,2,00]; 
[0,00,00]; 
[0,2,00]; 
[0,00,00]; 

[0,2,00]; 



r 5 ) g [0,2,00]; 

1,M + 3,2M + 

r 7 )G [0,1,00]; 

1,M + 3,2M4 

r 8 )G [0,1,00]; 

1,M + 3,2M4 

r 9 )G [0,1,00]; 

1,M + 3,2M4 

r n ) g [0,0,00] 

1,M + 3,2M4 

rn)G [0,0, ool 



•3) 
•3) 
•3) 
•3) 
•3) 

3} 

3} 

3} 

3} 

3) 



|r 6 
|r 7 
|r 7 
|r« 
|r 8 
|r 9 
|r 9 
|r 10 )e [0,2,00]; 

ITio) G [0,00,00 

|rn)G [0,1,00]: 
|r 12 >e [0,1,00]; 
|r 13 )e [0,1,00]; 

|ri 4 ) g [0,00,00 

|0,M + 3,2M 



10, M • 



10, M • 



•3,2M • 

-3,2M 



|0,M + 3,2M 



-2} 
-2} 
-2} 
-2} 



|0,M + 3,M + 2) 
|0,M + 3,2M + 2) 



|0,M4 3,2M + 2) 
|l,M + 3,0) 
|l,M4 3,2M + 2) 
|0,M + 3,2M+1) 
|l,M4 3,2M + 2) 
|l,M + 3,2M + 2) 



A 30 ) = |l,M + 3,2M + 3) + 

+ |r 12 )G [0,0,oo]; 

A31) = |0,M + 3,2M + 3) + 

+ |r 13 )e [0,0,00]; 

A 32 ) = |0,M + 3,2M + 3) + 

+ |r 13 )e [0,0,00]; 

A 33 ) ee |l,M + 3,2M + 3) + 

+ |ri 4 ) g [0,00,00]; 

A 34 ) ee |0,M + 3,2M + 3) + 

+ |r 6 > g [0,00,00]; 

A 35 ) ee |0,M + 3,2M + 3) + 

+ |ri )G [0,l,oo]; 

M-l 

A 36 ) ee ^(|0,M + 3-i,2M + 3-2« 

+ \l,M + 3-i,2M + 2-2i)) 

+ |$15> G [0,oo,oo]. 



All these states are incomparable under SLOCC by the 
range criterion. The laconic structures show the regular 
generation of the higher level classes derived from the 
low-level classes. 



V. CONCLUSIONS 

In this paper, we mainly classified the entangled states 
of 2 x 4 x 4 system, which is the simplest one contain- 
ing infinitely many classes. So the range criterion is in- 
deed useful for the classification of generic entanglement 
which usually contains parameters, and the results of the 
2x4x4 states helps explore the structure of 5-qubit 
entanglement. It turned out that the range criterion ef- 
ficiently operates for the discrimination of multipartite 
entangled states, and in principle one can classify any 
family of true 2 x M x N entanglement by virtue of the 
LHRGM. Finally we have managed to obtain the classifi- 
cation of 2 x (M + 3) x (2M + 3) and 2 x (M+4) x (2M+4) 
states. These results are helpful to the further study in 
this aspect. 

There are two main points we can anticipate from this 
paper. First, it is worth considering the asymmetry aris- 
ing from the 2x4x4 entanglement. This phenomenon 
should be an important feature of the 2xMxM entangle- 
ment, whose classification is more complicated than the 
2 x M x N cases where M =£ N. In addition, the study 
of this property is propitious for the more generic cases 
such as the 3-qutrit entanglement. Second, we are going 
to apply the range criterion to the classification of mul- 
tiqubit system, which remains a difficult and important 
problem in QIT. However, since there exist more symme- 
try in the general multipartite system, other techniques 
may be required for the further exploration. 
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